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Abstract— This paper deals with robust gust load alleviation
control design for a flexible wing aircraft in cruising condition.
Using an array of control surfaces called the Variable Camber Continuous Trailing Edge Flap, the gust load alleviation
controller minimizes the structural load on the aircraft wing
induced by a gust disturbance. The control terms are separated
into two channels, rigid and elastic control input. Only the
elastic control input is used for gust load alleviation while
rigid control input is reserved for fundamental trajectory-level
flight control. Utilizing equivalent input disturbance theory, the
virtual input disturbance is calculated and compensated for by
a disturbance observer robust control algorithm. Simulation
results are provided with detailed analysis, proving the validity
of the proposed method.

Fig. 1. Flexible wing aircraft with variable camber continuous trailing
edge flap.

performance during operation can be improved [5],[6]. However, since many disturbances contain fast-changing dynamic
components for which adaptive control techniques would reI. INTRODUCTION
quire prohibitively high learning rates, some researchers have
Use of composite materials in aerospace applications is tried to address the problem with robust control techniques
becoming increasingly common due to their lightweight but that provide faster reaction to mitigate unknown disturbances
high-strength mechanical properties. Aircraft wings can be [7],[8].
constructed of composite materials to offer reduced weight
Among the numerous robust control algorithms, the disbut results in a more flexible structure. This flexibility intro- turbance observer (DOB) is well suited to deal with the
duces the possibility of deliberately modifying the shape of specifics of the GLA problem. Notably, the DOB is an innerthe wing for flight performance tasks such as drag reduction loop controller that handles not only external disturbances
and increased fuel efficiency [1]. However, flexibility of but also plant model uncertainties [9]. The plant with DOB
the aircraft wing also increases vulnerability to undesirable structure behaves like a nominal plant from the perspective
aeroservoelastic behavior like flutter and poor disturbance of the outer-loop controller [10]. As our goal with GLA is to
rejection. Therefore, active control is necessary not only make the imperfectly known plant with disturbances act as a
to improve performance of flexible wing aircraft, but to designated nominal plant, the DOB is an appropriate choice
guarantee structural stability as well. Here, a gust load to obtain the performance desired from a GLA controller.
alleviation (GLA) control design is investigated as a means to
In this paper, we present a DOB robust controller design
improve the flexible aircraft’s wind gust disturbance rejection adapted for use as a GLA controller at cruise conditions. The
capability.
goals of the GLA controller in this paper are to
Many GLA control designs for flexible wing aircraft have
• Reduce wing root bending moment
been proposed. Some designs utilize optimal control-based
• Regulate elastic states of the system (flutter suppresGLA where state-stabilizing controllers can be generated for
sion).
multi-input multi-output (MIMO) plants [2],[3],[4]. Adaptive
Note that minimization of wing root bending moment is
control-based GLA designs are also widespread due to antici- used as a stand-in performance metric for load minimization
pated aeroelastic model uncertainties. By constantly updating as has been done in previous investigations [5]. The proposed
the system parameters with adaptive laws, the closed-loop GLA design is demonstrated in simulation using the Generic
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to achieve both of the stated GLA goals while adhering to
actuation limitations.
The paper is organized as follows: In section II, the mathematical representation of GTM is covered. Including the
DOB implementation process, the control strategies for GLA
are described in section III. In section IV, we explain the
design guidelines for the Q-filter which plays an important
role in both stability and performance of the DOB algorithm.
The GTM simulation results for the proposed GLA control
algorithm are discussed in section V.
II. MODELING
A. Nominal Aeroservoelastic State-Space Model of GTM
The linearized, longitudinal plant dynamics of the flexible
wing GTM, trimmed at mid-cruise flight conditions, can be
written as
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where ∗r and ∗e represent rigid and elastic terms respectively. Rigid terms are associated with the aircraft’s rigid
body dynamics while the elastic terms are related to the
aircraft’s elastic modes. The matrices A ∈ <nx ×nx and
B ∈ <nx ×nu are assumed to be known where nx and nu
denote the dimension of states and inputs respectively. The
vector xr ∈ <nxr is composed of measurable rigid states,
but components of xe ∈ <nxe are unmeasurable and should
be estimated. Note that nx = nxr + nxe . Estimation of xe is
performed by
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where L represents the state observer’s Kalman gain and y ∈
<ny the vertical acceleration data measured by an array of
ny wing-mounted accelerometers [12]. The estimated output
ŷ is formed as
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where C ∈ <ny ×nx and D ∈ <ny ×nu are known.
Wing root bending moment My ∈ <1 is measurable via
a strain gauge attached near the wing root, but an estimate
can also be constructed as
 
 
 xr

 ur

M̂y = M̂xr M̂xe
+ M̂ur M̂ue
(4)
x̂e
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This representation, which was justified in [12], has d(t) ∈
<nx directly impact the state update ẋ without passing
through the A or B matrix. Note that d(t) also affects the
output vector after multiplication with E ∈ <ny ×nx in y(t)
and Md ∈ <1×nx in My (t). The matrices E and Md are
unknown. This disturbance structure makes the estimation
of d(t) very difficult or even impossible in some conditions.
In [13], the authors prove the existence of an equivalent
input disturbance (EID) that generates an output effect identical to the actual disturbance. The concept has since been
successfully applied to many robust disturbance observation
and compensation applications [14]-[16]. With EID results,
we can assume that the disturbance is imposed only on the
control input channel such that equations (5) - (7) can be
replaced with
ẋEID (t) = AxEID (t) + B (u(t) + dEID (t))

(8)

y(t) = CxEID (t) + D (u(t) + dEID (t))

(9)

My (t) = Mx xEID (t) + Mu (u(t) + dEID (t))

(10)

where dEID (t) = [dTr,EID dTe,EID ]T ∈ <nu is an equivalent
input disturbance and xEID (t) ∈ <nx is an internal state
variable of the new system model that is different from x(t).
III. GUST LOAD ALLEVIATION CONTROL
A. Rigid State Control
As previously discussed, the state of the flexible wing
GTM is divided into two parts, xr and xe . The control of
xr is critical for trajectory-level flight control. Therefore,
it is necessary to independently design an xr controller to
meet flight objectives. A standard LQR control design is
used to determine an appropriate rigid state controller, and
its formulation is based on the simplified model
ẋr = Arr xr + Brr ur

(11)

which is used to generate the gain matrix Kr for
ur = Kr xr .

(12)

where M̂x ∈ <1×nx and M̂u ∈ <1×nu are unknown but
presumptive.

Note that in this formulation the xr controller only regulates
xr and does not include the necessary servo mechanism for
command tracking. This is sufficient for an aircraft assumed
to be at cruising conditions where there is a need to maintain
the nominal trimmed state values only. Equation (11) also
disregards the effect of xe and ue in the xr update. However,
the omission is a tolerable approximation as the scale of xe
is small compared to xr at flight conditions safely below
flutter.

B. Disturbance Augmented Model

B. Elastic State Control

The gust-disturbed dynamics of the flexible wing GTM
can be modeled as

Since ur is a command independently generated according
to equation (12), the only remaining input channel for GLA
is ue . However, two independent goals (My reduction, xe
regulation) must be achieved simultaneously through the use
of ue for successful GLA. One possible solution is to design
a controller for each purpose separately and combine the
commands into a single signal as shown in Fig. 2. The

ẋ(t) = Ax(t) + Bu(t) + d(t)

(5)

y(t) = Cx(t) + Du(t) + Ed(t)

(6)

My (t) = Mx x(t) + Mu u(t) + Md d(t).

(7)

Fig. 2. Concept diagram of elastic state controller. Parallel control design
is applied that each controller operates only to achieve its own goal.

following subsections show how the respective controllers
are designed.
1) xe regulator design: A standard LQR formulation has
been adopted for xe regulation. For LQR gain calculation,
the dynamic equation
ẋe = Aee xe + Bee ue,xe

(13)

ue,xe = Γuchev
e,xe

(14)

is used where only elastic state and input components are
selected in equation (1) in a manner similar to the derivation
of Kr in equations (11) and (12). The quantity Γ ∈ <16×4
is a cubic Chevyshev polynomial matrix with
T

βi · · · β15 β16
Γuchev
(15)
e,xe = β1 β2 · · ·
βi = c0 + c1 k + c2 (2k 2 − 1) + c3 (4k 3 − 3k)

(16)

i−1
, i = 1, 2, · · · , 16, n = 16. The components
where k = n−1
cj with j = 0, 1, 2, 3 form a set of virtual control inputs
T
uchev
e,xe = [c0 c1 c2 c3 ] . Since the cubic Chevyshev polynomial is a shape function with four coefficients that have
a mathematically smooth curve, it helps produce a smooth
trailing edge profile with flap deflections that are less likely
to violate mechanical constraints on relative angles between
adjacent flaps [8]. From equations (13) and (14),

uchev
e,xe = Ke x̂e

(17)

is derived where Ke ∈ <4×nxe . We use x̂e instead of xe in
actual signal generation due to the unmeasurable properties
of elastic states.
2) My controller design: As discussed earlier, the DOB
algorithm is selected to add robustness to the GLA design.
However, the application of DOB to a non-SISO system is
quite limited because DOB is exclusively designed for linear
single-input single-output (SISO) systems [17]. Therefore,
we choose to introduce a new component called J ∈ <16×1 ,
which is a user-selected gain matrix that maps the scalar My
controller output to each control surface, to make the plant
as a SISO system. With a well chosen J matrix, the scalar
My control command becomes a sixteen flap control input
vector. In this paper, a simple PID controller is adopted
for My control and is placed in the position of the ‘My
Controller’ block in Fig. 2. The overall controller structure

for both the ur and ue commands is shown in Fig. 3. The
‘My -PID’ block generates a signal α based on the error
between My,des and measured My . With α and the DOB
signal , a scalar ue,My signal is generated. Multiplying by
J, the signal becomes a vector of sixteen control inputs,
symbolized by ue,J . The xe regulation control input ue,xe
is added to ue,J for final control input ue generation. We
assume that de,EID is added to ue such that it contaminates
the original signal, making the imaginary signal ζ as a final
plant control input.
3) Disturbance Observer: The goal of the DOB is to
assist in making the plant behave as the nominal model,
even when disturbed. In order to achieve robustness, we
calculate the best  that represents the estimated disturbance
affecting the plant. For good  calculation, δ should be a
good representation of ζ in the frequency region where the
disturbance is concentrated. However, in our DOB design we
join the  and α signals before the mapping provided by the
J matrix. Therefore, we should determine a δ that is more
like a representation of J ∗ ζ̂ rather than ζ̂ where JJ ∗ ≈ I.
Among the many input-output relationships, we define
Λp as a transfer function capturing the ue,My → My
relationship. Since we already discussed the xr controller
and xe regulator, we are now able to derive the state-space
representation of Λ̄p from equations (1) and (4) as
x̄˙ = Ax̄ + Br ur + Be (ue,xe + ue,J )
My = Mx x̄ + Mur ur + Mue (ux,xe + ue,J ).

(18)
(19)

Note that we already know the state feedback control laws
to be used for ur and ue,xe as given in equations (12), (14)
and (17). The ¯∗ notation represents the nominal model of the
plant while Br and Be represent [Brr Ber ]T and [Bre Bee ]T
respectively. Therefore, we can rewrite equations (18) and
(19) as
x̄˙ = Āx̄ + B̄ue,M y
(20)
My = M̄x x̄ + M̄u ue,My
where
Ā = A + B


Kr
0


Kr
M̄x = Mx + Mu
0


0
, B̄ = Be J
ΓKe

0
, M̄u = Mue J.
ΓKe

(21)
(22)
(23)

The estimation of J ∗ ζ is performed by Λ̄−1
p . By putting the
sensor-measured My signal through Λ̄−1
p , we can estimate
J ∗ ζ. To prevent instability in J ∗ ζ estimation due to the
the improper and non-minimum phase structure of Λ̄−1
p , a
Q-filter Q1 is carefully selected to combine with Λ̄−1
to
p
ensure stable estimation and accurate output in the designated
frequency region. The filter Q2 is designed to match the
phase during the  calculation. A detailed design procedure
of the Q-filters for our plant will be discussed in a later
section.
When δ is calculated accurately, we establish the
following lemma.

Fig. 3. Schematic diagram of a robust DOB-based GLA control structure. SISO transfer function Λp between ue,My and My is established through the
loop-closing of xr and xe with LQR controller.

Lemma 1: If δ provides J ∗ ζ estimation accurately within
the specified frequency region, then ζ ≈ Jα.
Proof: In Fig. 3, ζ = ue + de,EID . The ue signal is
the sum of ue,J and ue,xe . Therefore, ζ = ue,J + ue,xe +
de,EID . However, since ue,J is same as Jue,My , ζ becomes
Jue,My + ue,xe + de,EID . It can be rewritten as ζ = J(α −
) + ue,xe + de,EID where ue,My = α − . With proper
Q1 and Q2 design,  = (Q1 δ − Q2 ue,My ) ≈ (δ − ue,My )
in the designated frequency region. Then ζ ≈ J(α − (δ −
ue,My )) + ue,xe + de,EID also in the designated frequency
region. Since δ = J ∗ ζ̂, the equation becomes ζ ≈ J(α −
J ∗ ζ̂ + ue,My ) + ue,xe + de,EID where ζ̂ = ûe + dˆe,EID .
Therefore ζ ≈ J(α − J ∗ (ûe + dˆe,EID ) + ue,My ) + ue,xe +
de,EID . Recalling that JJ ∗ ≈ I, the equation becomes ζ ≈
Jα + ((Jue,My + ue,xe ) − ûe ) + (de,EID − dˆe,EID ). Also
recalling that ue = Jue,My + ue,xe , the final form of the
equation is ζ ≈ Jα + (ue − ûe ) + (de,EID − dˆe,EID ), or
ζ ≈ Jα.
Lemma 1 proves the robustness of the proposed controller
by showing that the final control input ζ remains similar to
the controller input Jα even with disturbance de,EID .
Now, we can regulate the disturbed My by selecting
My,des = 0. However, robustness of the controller is based
on good Q-filter design. By designing Q-filter properly,
we need to secure both stability and performance of the
disturbance estimation process simultaneously. In the next
section, we discuss a Q-filter design methodology to satisfy
both goals at the same time.
IV. Q-FILTER DESIGN
In this section, we design a Q-filter that satisfies both the
stability and performance goals of the disturbance estimation
process. Deductive DOB stability analysis for the GTM is
avoided due to the complexity of our system. Instead, we

provide a dedicated Q-filter design procedure for our case
and provide stability analysis in a later section. The filter
aims to overcome issues including instability, non-minimum
phase behavior, and improperness during the disturbance
estimation process. Consideration of these issues during Qfilter design results in structure involving components Q1,A
and Q1,B where
Q1 = Q1,A Q1,B .
(24)
Throughout this paper, we assume that Q2 = Q1 , because
the role of Q2 is to delay the phase of the ue,My signal
appropriately to match the phase with Q1 δ signal, and the
Q2 = Q1 setting is the easiest way to satisfy it [19].
A. Unstable and non-minimum phase systems
The first process in Q-filter design is stabilizing the
nominal model inverse. Once J has been selected, we need
to determine if any (RHP) poles or zeros exist that make
the system unstable or non-minimum phase. If we find RHP
poles in Λ̄p , then we need to reselect the J matrix since
the plant with current J is fundamentally unstable. After
proper J selection without any RHP poles, our next task
is to make sure that the system is minimum phase. This is
required to prevent unstable δ estimation since non-minimum
phase zeros in Λ̄p become unstable RHP poles in Λ̄−1
p . As
a solution, we choose to design a Q-filter that moves any
existing RHP zeros of Λ̄p to the symmetric LHP location
where the distance from the imaginary axis is equal but the
sign is reversed. This process changes the phase response but
results in the same magnitude response. For example, when
Λ̄p contains ν number of RHP zeros zi,rhp > 0, i = 1, · · · , ν,
we design the Q-filter as
Qν
(s − zi,rhp )
(25)
Q1,A = Qνi=1
i=1 (s + zi,rhp )
such that the relative degree of the system remains the same,
but the locations of the RHP zeros move to the symmetric
LHP positions.

B. Improper systems
Once we ensure the system is minimum-phase, our next
goal is to make the system proper. Since Λ̄p is a proper
system, it is obvious that Λ̄−1
p becomes improper. Also, it is
well known that the Q-filter should be a low pass filter to
provide the desired performance [20]. To solve this problem,
a Butterworth filter structure is adopted. The Butterworth
filter is a low pass filter showing flat magnitude response
until the designated cutoff frequency. Therefore, it preserves
the magnitude response of Λ̄−1
until the designated cutoff
p
frequency. We choose to make Q1 Λ̄−1
p have a relative degree
of two. If we define γ as the relative degree of Λ̄p , the Qfilter should be
Q1,B = (γ + 2)th order Butterworth f ilter.

(26)

Now, the only remaining aspect of Q-filter design is choosing
a cutoff frequency for the Butterworth filter that balances
stability and performance of the DOB in GLA. For analysis
to select the cut-off frequency, we adopt the concept used in
[18], where a cutoff frequency designing criteria is formed
from time delay observations between the nominal and actual
plant. For similar analysis, we assume that the actual plant
can be modeled as
Λp (s) = e−sTd Λ̃p (s)

(27)

where Td represents observed response time delay between
the nominal and actual plant. Λ̃p (s) is the newly defined
nominal model in Q1,B design process, expressed as
Λ̃p (s) = Q−1
1,A Λ̄p (s).

(28)

The reason for defining the new nominal model is to treat
Q1,A as part of the nominal model during the Q1,B design
process, since Q1,B is the only element that matches the
definition of the Q-filter in [18]. Next step, we express the
error between Λp (s) and Λ̃p (s) in the form of a multiplicative
perturbation as
Λp (s) = Λ̃p (s)(1 + ∆(s))

(29)

∆(s) = e−sTd − 1.

(30)

Fig. 4. Comparison of root mean square (RMS) values of wing root bending
moment (My ) for each J selection.

J3 = [[−1 1 1 · · · 1 2 2]1×16 ]T .
J1 corresponds to operation of all flaps as a single large
flap. J2 emphasizes flap motion in a specific region where
contribution to wing root bending moment is greatest. J3 is
similar to J1 , but has the first flap moving in opposition.
The counter motion of the first flap in J3 is to help offset
the loss of lift force during the My minimization process,
where wing root bending moment reduction decreases the
overall lift generation of the wing. Outboard flap movement
has been doubled to increase control efficiency. Fig. 4 shows
the comparative My regulation result for each J selection.
The ‘off’ mode refers to the case without xe regulator or My
controller but with xr controller. Among the three examples,
we found that J3 shows the best performance. Recall that J
is a tuning parameter where any number of options exist.
Since J3 has shown the best performance among the limited
options we explored, we select J3 for a case study to
demonstrate filter design process and analyze the proposed
•

where
We then enforce the requirement
||∆ · Q1 ||∞ < 1,

(31)

which is a stability condition based on a small gain theorem
[20][21], and set the cutoff frequency only by finding Td .
V. GTM SIMULATION RESULTS
In this section, we present the GTM simulation results
with proposed GLA algorithm. The simulation is based on
equation (5) ∼ (7) and the gust disturbance d(t) is generated
from a random signal using the Von Karman gust model [22].
Three simulations with different J choices are conducted.
The candidate J matrices are
T
• J1 = [[1 1 · · · 1 1]1×16 ]
T
• J2 = [[0 .1 .2 · · · .9 1 .9 · · · .5]1×16 ]

Fig. 5.

Pole/Zero map of Λ̄p with J3 .

Fig. 6. Bode magnitude diagram of 1/||∆|| (blue line on the top side) and
Q1,B (rest of the line) with various cutoff frequencies.

Fig. 8. Comparison of control inputs between actual and estimated values
(top), before and after applying DOB algorithm (bottom).

control structure.

plot approaches 1/||∆||, the DOB performance increases,
but stability of the overall system decreases. Moving the
other way, stability of the overall system improves, but DOB
performance decreases. We select 50Hz as a cutoff frequency
to provide adequate stability while not sacrificing too much
DOB performance.

A. Cut-off frequency selection
In a pole/zero analysis, we found that three zeros of Λ̄p
are placed at 0.1103 ± 6.1897i and 0.0038 with J3 while
no RHP poles are found. See Fig. 5 for the pole/zero map.
Based on equation (25), Q1,A is designed to relocate the
non-minimum phase zeros from the RHP to the LHP. Then,
we select a 3rd order Butterworth filter based on equation
(26) since the relative degree of the system in this case is
one. From a unit step response comparison between Λ̃p (s)
and Λp (s), we found that Td ≈ 0.01. Using equation (31),
we derive the following inequality
||Q1 || <

1
||∆||

(32)

where satisfaction of the inequality constraint during Q-filter
design automatically guarantees system stability. The cutoff
frequency is selected by analyzing the Bode magnitude plot
in Fig. 6. Equation (32) is satisfied by selecting a Q-filter
design with magnitude lower than that of 1/||∆||.
By overlaying several Q-filter Bode magnitude plots,
we estimate that the cutoff frequency stability threshold
is somewhere between 50 Hz and 500 Hz. As the ||Q1 ||

Fig. 7. A graph showing changes in VCCTEF control input over time.
Wireframe representation (left) and plane representation (right).

B. Simulation results
In this subsection, we provide GTM simulation results
with the GLA controller. Fig. 7 shows the VCCCTEF command generated by the GLA controller in time series. Note
that the inboard flap moves in the opposite direction from
the other flaps as intended by the J3 design. The effect of
the conversely moving the first flap on lift generation can be
seen indirectly in Fig. 9. This figure shows the comparison
of J1 usage (left) and J3 usage (right). In this comparison,

Fig. 9. A comparison of elevator deflection, flight path angle, angle of
attack and pitch angle in J1 (left) and J3 (right) modes.

both elevator deflection and flight path tracking (γ-tracking)
show almost the same performance. However, unlike the case
of J1 where the pitch angle converges to a value close to
zero, J3 converges to a negative value. This indicates that
additional lift force is generated during the GLA control
process when J3 is used. The rigid state controller pitches
the aircraft nose down to regulate the increased lift force
and maintain a flight path angle of zero. It is clear that the
conversely moving first flap makes a contribution to lift force
generation while the other flaps reduce lift force during My
minimization control. The reducing effect of My control on
lift force can be confirmed by J1 simulation with batched
flap motion. In this case the rigid state controller struggles
to keep zero flight path angle while attempting to pitch up
to generate additional lift in response to the counteractive
action of the My controller. The J3 simulation shows that
the main source of lift force is concentrated at the wing root.
The reduction in lift force over the outer wing is a useful
feature to exploit for My minimization since the outboard
portion of the wing has a longer moment arm length than
the inboard portion and generates a larger wing root bending
moment even with a small control action.
The effect of the DOB algorithm in GLA command generation can be observed in Fig. 8. The blue line in the upper
graph represents the actual ue,My command. Meanwhile, the
red line represents δ = J ∗ ζ̂ which is the estimated command
calculated from My measurement data. The gap between
two lines is an estimated EID signal . We can subtract 
from α to generate ue,My which contains the disturbance
compensation signal. The lower graph shows the comparison
between α and ue,My , the control signal before and after
DOB is applied. We can see that ue,My (red line) shows a
larger command signal compared to α (blue line) since  is
added to α.
VI. CONCLUSION
In this paper, we described the structure of a novel GLA
control algorithm incorporating a disturbance observer and
demonstrated the performance of a DOB-GLA controller that
encounters an unknown gust disturbance. By adapting the
equivalent input disturbance concept to our needs, we were
able to formulate a control design that alleviates aeroservoelastic disturbances and reduces wing root bending moment
by generating rigorously calculated additional control input
signals. To achieve the multiple (and sometimes counteractive) goals of the GLA system, a parallel controller structure
is introduced. The DOB algorithm is adopted for calculating
the EID signal and compensating for the disturbance through
the My controller. A Q-filter design has been presented to
satisfy both adequate stability and performance. Simulation
results are shown to verify the feasibility of the algorithm
and to illustrate various design possibilities.
However, this study does not explore a large parameter
space for many of the design choices. Notably, very few
option for the command mapping matrix J are investigated,
and the choice of J is likely far from optimal. Therefore,

a methodology to find an optimal J matrix should be
developed in further research.
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